ON NODAL QUINTIC FOURFOLD 



IVAN CHELTSOV 

Abstract. We use the Shokurov connectedness principle and the Corti inequahty to 
prove the birational superrigidity of a nodal hypersurface in of degree 5. 

We assume that all varieties are projective, normal and defined over C. 

1. Introduction. 
The following result is proved in [0]. 

Theorem 1. Every smooth hypersurface in of degree 4 is hirationally superrigid^ . 

The following generalization of Theorem ^ is proved in [5] . 
Theorem 2. Every smooth hypersurface in of degree 5 is hirationally superrigid. 

The following generalization of Theorem^ is proved in lOj and |H|. 
Theorem 3. Every Q-factorial nodaP hypersurface in P^ of degree 4 is hirationally rigid. 

In this paper we prove the following result. 

Theorem 4. Every nodal hypersurface in P^ of degree 5 is hirationally superrigid. 

It must be pointed out, that the proof of Theorem^Jis based on the Shokurov connected- 
ness principle (see and Theorems 7.4 and 7.5 in |7j) and the Corti inequality (see The- 
orem 3.1 in The proof of Theorem^Jand technique used in ^ imply that every nodal 
quintic fourfold can not be hirationally transformed into an elliptic fibration. 

2. Smooth points. 

Let X be a fourfold, be a linear system on X that does not have fixed components, 
and O be a smooth point of X such that O is a center of canonical singularities of the 
movable log pair {X, XAi), but the singularities of the log pair {X, XAi) are log terminal 
in a punctured neighborhood of the point O, where A is a positive rational number. 

Let 7c : V ^ X he a blow up of the point O, and E be the vr-exceptional divisor. Then 



Kv + XB ~Q 7r*(^Kx + XM^ + {3-m)E, 



where i3 is a proper transform of Ai on the fourfold V, and m is a positive rational number 
such that m/X is the multiplicity of a general divisor of A4 in the point O. Then m > 1. 

The author is very grateful to I. Aliev, A. Corti, M. Grinenko, V. Iskovskikh, M. Mella, J. Park, Yu. Pro- 
khorov, A. Pukhlikov and V. Shokurov for very useful and fruitful conversations. 

^Let y be a Fano variety such that the singularities of the variety V are at most terminal and Q-facto- 
rial singularities, and the equality rkPic(y) = 1 holds. Then V is called hirationally rigid if it cannot be 
fibred into uniruled varieties by a non-trivial rational map, and V is not birational to a Fano variety with 
terminal Q-factorial singularities of Picard rank 1 not biregular to V. The variety V is called hirationally 
superrigid if it is hirationally rigid and every birational automorphism of V is biregular. 

^A variety is called nodal if it has at most isolated ordinary double points. 
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Remark 5. In fact, the inequality multo(Mi ■ M2) ^ holds (see Corollary 3.4 in 0), 
where Mi and M2 are sufficiently general divisors of the linear system M.. 

In this section we prove the following result. 

Theorem 6. There is a line L G E = ¥^ such that 

/ \ 8 

multo(Mi -Ms-Fj ^ — , 

where Mi and M2 are sufficiently general divisors in the linear system M., and Y is an 
effective divisor on X such that dim(Supp(F) fl Supp(Mi ■ M2)) = 1 and L C Supp(F), 
where Y is the proper transform of the threefold Y on the fourfold V . 

The claim of TheoremlHlis obvious when m ^ 3. Moreover, it follows from Theorem 7.4 
and the proof of Corollary 3.5 in that one of the following possibilities holds: 

• the inequality m ^ 3 holds; 

• there is a surface S G E such that S* is a center of log canonical singularities of 
the log pair (V, XB + {m- 2)E)] 

• there is a line L C -E = such that L is a center of log canonical singularities of 
the log pair (V, XB + {m - 2)E). 

Lemma 7. Suppose that there is a surface S G E such that S is a center of log canonical 
singularities of the log pair (V, XB + (m — 2)E). Then 

multo(Mi - Ma) ^ ^, 

where Mi and M2 are general divisors in the linear system A4 . 

Proof. Let Bi be a proper transform of the divisor Mj on the fourfold V . Then 

/ \ 4(3 -m) 

imx\is[Bi ■ B2) ^ ^ ' 

by Theorem 3.1 in Pj. Therefore, we have 

/ \ / \ Tfl^ -\- 4(3 — TTl\ 

mv\to[Mi ■ Maj ^ muh^(Mi) + muhs(^fii ■ B2J ^ ^ 



2- 



A 

which concludes the proof. □ 

Now we suppose that m < 3 and there are no two-dimensional centers of log canonical 
singularities of the log pair {V, XB + (m — 2)E) that are contained in the vr-exceptional 
divisor E. Therefore, there is a line L C -E = such that L is a center of log canonical 
singularities of the log pair (V, XB + (m — 2)E). 

Let rj -.W he a, blow up of the curve L, and F be the 77-exceptional divisor. Then 

Kw + XV + {m - ^)E + {m + n - h)F ~q (tt o t^Y^Kx + AA^) 

where and E are proper transforms of the linear system M. and the 7r-exceptional 
divisor E on the fourfold W respectively, and n is a positive rational number such that 
the number n/A is the multiplicity of a general divisor of the linear system B in a general 
point of the curve L. Therefore, we have 

Kw + XV + H + {m - 2)E + (m + n-4)F~Q {t: o r])* {Kx + XM + H 
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where if is a sufficiently general liyperplane section of the fourfold X passing through the 
point O, and H is a proper transform of H on the fourfold W. Moreover, we have 

Kw + XV + Y + {m - 2)E + {m + n - 3)F {n o r^)* (^Kx + XM + , 

where F is a general hyperplane section of X such that L is contained in the proper 
transform of Y on the fourfold V, and F is a proper transform of Y on the fourfold W. 

Lemma 8. Suppose that either m + n ^ A or there is a surface S G F that is a center of 
log canonical singularities of {W, XV + (m — 2)E + (m + n — 3)F) and r]{S) = L. Then 



/ \ 8 

multo(Mi - Ma -rj ^ — , 



A2 

where Mi and M2 are general divisors in the linear system Ai . 
Proof. Let F be a proper transform of the divisor Y on the fourfold V . Then 
Kv + XB + Y +{m-2)E ^(^Ti* + XM + Y^ 

and L is a center of log canonical singularities of the log pair (V^ XB + Y + {m — 2)E). 

The morphism 7r|^ : F — > F is a blow up of the point O, the linear system B\y does 
not have fixed components due to the generality in the choice of the divisor Y, and we 
can identify the divisor G with the 7r|y-exceptional divisor. Let us show that L is a center 
of log canonical singularities of the log pair (Y, XB\y + (m — 2)E\f). 

In the case when m + n ^ 4, the equivalence 



Y 



Ky + XV\y + (m - 2)E\y {r]\Yy [Ky + XB\f + (m - 2)E\y^ + (3 - m - n)F\ 

shows that L is a center of log canonical singularities of (F, XB\y + (m — 2)E\f). 

Suppose that there is a surface S C F that is a center of log canonical singularities 
of the log pair [W, (m — 2)E + {m + n — 3)F) and f]{S) = L. Then every irreducible 
component of 5* fl F is a center of log canonical singularities of the log pair 

(y,XV\y+ {m-2)E\Y+ (3-m-n)F|y), 

which implies that L is a center of log canonical singularities of (Y, XB\f + (m — 2)E\y), 
because every irreducible component of the intersection S (lY dominates the curve L. 
Let Bi be a proper transform of the divisor Mj on the fourfold V. Then 

/ , , \ 4(3 -m) 
mn\tL[Bi\Y ■ B2\y) > ^ ' 

by Theorem 3.1 in Therefore, we have 

multo(Mi ■ M2 ■ = multo(Mi|y ■ Maly) ^ ^ + multi(5i|^ ■ ^2!^) ^ ^, 
which concludes the proof. □ 

Suppose that m + n < 4. Then in order to prove Theorem IHl we must show that there 
is a surface S <Z F such that Z is a center of log canonical singularities of the log pair 

{w,XV + [m - 2)E + [m + n - 3)F^ 
and ri{S) = L. However, the last assertion is local and we may assume that X = C^. 
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The singularities of the log pair (if, XAiln) are log terminal in a punctured neighbor- 
hood of the point O. Moreover, the point O is a center of log canonical singularities of 
the log pair [H, XJiA\h) by Theorem 7.5 in U\. Therefore, the equivalence 

Kh + XV\h+ {m-2)E\H+ (m + n-4)F|^~Q {n o r]]^)* (^Kh + XMIh^ 

and Theorem 7.4 in [7j imply that we have the following possibilities: 

• there is a curve C C F\fj such that C is a center of log canonical singularities of 
the log pair {H, XV\h + (m - 2)E\jj + {m + n - 4)F|^); 

• there is a point P E F r\H such that P is a center of log canonical singularities of 
the log pair [H, XV\H+{Tn—2)E\ij + {m+n—4)F\H), and there are no other centers 
of log canonical singularities of the log pair (ff, XV\H+{rn—2)E\fi+{m+n—4)F\^) 
except the point P that are contained in the intersection F (1 H. 

Remark 9. In the case when there is a curve C G F (1 H such that C is a center of log 
canonical singularities of {H, XV\h + (m — 2)E\g + {m + n — 4:)F\fj), the curve C is an 
intersection of the divisor H with a surface S (Z F such that is a center of log canonical 
singularities of {W, XV + {m - 2)E + (m + n - 4)F) and iri{S) = L. 

To prove Theorem IHl we may assume that there is a point P E F (1 H that is a center 
of log canonical singularities of the log pair 

(^H, XV\h+ {m-2)E\H+ (m + n-4)F|^), 

but singularities of the log pair {H, XV\h + {rn — 2)E\jj + {m + n — 4:)F\£) are log terminal 
in a punctured neighborhood of the point P E H . 

Remark 10. The morphism t^I^t : F — > L is a P^-bundle, and the intersection HCiF is just 
a fiber of rjlp. Hence, the generality of in the choice of the divisor H implies the existence 
of a curve Z G F such that P = Z (1 H and Z is a center of log canonical singularities of 
the log pair (W, XV + {m - 2)E + (m + n - 4)F). 

The curve Z is a section of the P^-bundle tjIf and a center of log canonical singularities 
of the log pair {W, XV + (m — 2)E + {m + n — 3)F) . It follows from Lemma|Hlthat we may 
assume that F does not contains surfaces dominating L that are centers of log canonical 
singularities of (W, XV + {m - 2)E + {m + n- 3)F). 

It follows from Theorem 7.5 in |7j that the point O is an isolated center of log canonical 
singularities of the log pair (F, XM.\y)- Therefore, the equivalence 

Ky + XV\y+ (m-2)E|y + (m + ?2-3)F|y ~q [-k o 7]\Yy (Ky + XM\y^ , 

and Theorem 7.4 in J\ imply that we have the following possibilities: 

• the curve Z is contained in the threefold Y and Z is a center of log canonical 
singularities of the log pair (F, XV\y + (m — 2)E\y + {m + n — 3)F|y); 

• the intersection Z r\Y consists of a single point that is a center of log canonical 
singularities of the log pair {Y , XV\y + (m — 2)E\y + {m + n — 3)F|y). 

Corollary 11. Either Z G Y , or the intersection Z ClY consists of a single point. 

By construction we have L = Z = F'^ and 

F = Proj(Opi(-l) © Opi(l) © Opi(l)), 
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but the equivalence Y\p B + D holds, where B is the tautological line bundle on the 
threefold F, and D is a fiber of the natural projection ri\p : F ^ L = 

Lemma 12. The equality h^{Ow{Y — F)) holds. 

Proof. The divisor —r]*{E) — F intersects every curve contained in E non-negatively and 

which implies that —Ar]*{E) — AF is (vr o ri)-hig and (vr o r7)-nef. However, we have 

Kw - 4:{7r o T])* [E] -AF -F 

and X = C^, which implies that h^{Ow{Y—F)) = by the Kawamata-Viehweg vanishing 
theorem (see Theorem 2.3 in [7 ). □ 

Thus, the restriction map H'^{Ow{Y)) — > H'^^OpiYlp)) is surjective, but the complete 
linear system \Y\p\ does not have base points. 

Corollary 13. The intersection Y (1 Z consists of a single point. 

Let 2z be an ideal sheaf of Z on F. Then {ri\p)^,{B^2z) = and there is a surjective 
map ip '■ © Cpi(l) © Cpi(l) — >• Opi(fc), where k = B ■ Z. The map ip is given by 

a an element of the group 

1)) ©/7o(Cpi(fc- 1)) ©/J°(Cpi(fc-l)), 

which implies that A; ^ — 1. 

Lemma 14. The equality k = is impossible. 

Proof. Suppose k = 0. Then ip is given by matrix [ax + by, 0,0), where a and b are 
constants and {x : y) are homogeneous coordinates on L = P^. Thus ip is not surjective 
over the point of L at which ax + by vanishes. □ 

Therefore, the divisor B can not have trivial intersection with Z. Hence the intersection 
of the divisor Y with the curve Z is either trivial or consists of more than one point, but 
the intersection YCiZ consists of one point. The obtained contradiction proves TheoremlHl 

3. Singular points. 

Let X be a fourfold, Ai he a linear system on the fourfold X that does not have fixed 
components, and O be an isolated ordinary double point of X such that O is a center of 
canonical singularities of the log pair (X, AA4), but {X, XAi) has log terminal singularities 
in a punctured neighborhood of the point O, where A is a positive rational number. 

Let n : V ^ X he a blow up of the point O, and E he the exceptional divisor of the 
birational morphism vr. Then ii^ is a smooth quadric hypersurface in and 

Kv + XB ~Q tt*(^Kx + XM'^ + {2-m)E, 

where i3 is a proper transform of A4 on the fourfold V, and m is a positive rational 
number. It follows from Theorem 3.10 in |lj and Theorem 7.5 in [7j that m > 1. 

Let Ml and M2 he general divisors in Ai, and F be a hyperplane section of X. Then 

B,^7i*{M,)-jE 

and Y ~ '^*(Y) — E, where B^ and Y are proper transforms of the divisors Mi and Y on 
the fourfold V respectively. Suppose in addition that the following conditions hold: 
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• the point O is an ordinary double point of the threefold Y\ 

• the threefold Y does not contain surfaces contained in the base locus of A4; 

• the threefold Y does not contain surfaces contained in the base locus of B. 

Let if be a sufficiently general hyperplane section of the fourfold X that passes through 
the point O, and S = Supp(i?i ■ B2 - Y ■ H) Supp(i?), where if is a proper transform of 
the divisor H on the fourfold V . Then |E| < +00. Put 

2 

V = 2^ + X multp (5i ■ ^2 ■ ■ ^) . 

Pes 

In this section we prove the following result. 

Theorem 15. There is a line L C E such that V > whenever L C Supp(y). 

Let H' be a sufficiently general hyperplane section of the fourfold X that passes through 
the point O, and S' = Supp(i?i ■ B2 ■ H' ■ H) D Supp(£^), where H' is a proper transform 
of the divisor H' on the fourfold V. Then < +00. Put 

V = 2^ + X multp^Ei ■B2-H'-H), 

PeE' 

which implies that the inequality V ^ V holds. 

In order to prove Theorem^] we may assume that m < 2. Then the singularities of 
the log pair (V, \B + (m — 1)E) are not log terminal in the neighborhood of E. 

Lemma 16. Suppose that there is a surface S G E such that S is a center of log canonical 
singularities of the log pair (V, XB + (m — l)E). Then V ^ 

Proof. It follows from Theorem 3.1 in 0] that the inequality 

/ \ 4(2 -m) 

mults[B^-B2) ^ ^ ^ 

holds. Therefore, we have 

V = 2^+5^ mn\tp(^BrBrH'-Hj ^ 2— +mults (5r52 j ^ ^ ^ 6/A 

Pes' 

which concludes the proof. □ 

Therefore, in order to prove Theorem we may assume that the set of centers of log 
canonical singularities of the log pair (V, XB + (m — l)E) does not contains surfaces that 
are contained in E. Then the claim of Theorem 7.4 in |7] together with the equivalences 

Kv + H' + XB+ {m-l)E ~q vr* (^Kx + H' + XM 

aii<lKfj, + XB\fj, + {m-l)E\fj, ~q tt*{Kh' + XM\fj,) imply that there is a line L C C 
such that L is the unique center of log canonical singularities of (V^, XB + (m — !)£') that 
is contained in because H' is sufficiently general, but the point O is a center of log 
canonical singularities of the log pair (if', X}A\fj,) by Theorem 7.5 in [T. 

Now we suppose that L C Supp(F). Then L is a center of log canonical singularities 
of the log pair {Y , XB\f + (m — l)^^!^,) by Theorem 7.5 in [7. Hence, we have 

4(2 -m) 



2 



muhL(^5i . ^2 ■ = muhi^^il^ • ^2!^) ^ 



by Theorem 3.1 in p^. Therefore, we have 

V = 2— +^multp(^5r52-F-i/j ^ 2— +muhi (^^r^s-r j ^ ^ ^ Q/X\ 

PgE 

which concludes the proof of Theorem ^| 



4. BiRATIONAL RIGIDITY. 

In this section we prove Theorem |3] Let X be a hypersurface in of degree 5 with 
at most isolated ordinary double points. Then the group C1(X) is generated by the class 
of a hyperplane section (see Suppose that the quintic fourfold X is not birationally 
superrigid. Then there is a linear system M. on the fourfold X that does not have fixed 
components, but the singularities of the log pair (X, ^A^) are not canonical (see ^), 
where n is a natural number such that the equivalence M. ~ —nKx holds. 

Let Z be an irreducible subvariety of the fourfold X having maximal dimension such 
that the singularities of the log pair (X, -M.) are not canonical in a general point of the 
subvariety Z . Then mult^(A^) > n, which implies that dim(Z') ^ 1 due to j llj . 

Lemma 17. The subvariety Z is not a smooth point of the hypersurface X. 

Proof. Suppose that Z is a smooth point of the hypersurface X. Let vr : ^ X be a 
blow up of the point Z, and E be the exceptional divisor of the morphism vr. Then 

Kv + ^B ~Q 7i*(^Kx + ^M^ + (3-mu\tz{M)/n^E (s - mu\tz{M) /n^E, 

where ;B is a proper transform of the linear system on the variety V. 

Let Ml and M2 be general divisors in A4, and Hi and H2 be general hyperplane sections 
of the hypersurface X passing through the point Z. Then 



5n^ = Ml- M2- Hi- nm\tz(^Mi - M-^ ^ mult|(A<) > 



which implies that ra\x\tz{-M.) ^ v^n < Sn. 

Now it follows from Theorem El that there is a line L C -E = P"^ such that 

mvliz^Mi ■ M2 ■ > 
where F is a hyperplane section of the hypersurface X such that 

dim(^Supp(r) n Supp(^Mi ■ = 1 

and L C Supp(y), where Y is the proper transform of Y on the fourfold V . 
Let V he a linear subsystem in |Op5(l)|x| such that 

D eV L C Supp(D) or multz(i:') > 2, 

where D is a proper transform of D on the fourfold V. Then there is a two-dimensional 
linear subspace LI C such that the base locus of V consists of X fl LI. 
Suppose that LI ^ Supp(Mi ■ M2). Let _D be a general divisor in V. Then 



Ml - M2 ■ D - Hi ^ multz (^Mi - M2 - > 8n^ 



which is a contradiction. In particular, the quintic X contains the plane LI. 
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Let X be a general hyperplane section of X containing 11. Then X is a quintic hyper- 
surface with isolated singularities in that is smooth at Z. Let if : V —>■ X he a. blow 
up of the point Z, and E be the vf-exceptional divisor. There is a commutative diagram 





X' ^x, 

where we identify V with the proper transform of X on the fourfold V, and E = E (IV. 
The plane 11 is a fixed component of the linear system A1|x. Moreover, we have 

A^ljf = 7^ + a^, 

where 7^ is a linear system on X that does not have fixed components, and a is a multi- 
plicity of a general divisor of the linear system in a general point of the plane 11. 

Let C and LI be the proper transforms of the linear system TZ and the plane LI on the 
threefold V respectively. Then L C LI and 

Ky + ^I^C + atl^ ~Q 7T* (^Kx + + + (2 - multz{n) /n - a/n^E, 

but the proof of Theorem El implies the singularities of the log pair 

- 1 a- multzi'R) — a — 2n - 
V, -C+-U + E 

n n n 

in a general point of the curve L. Therefore, the inequality 

multi ^Li ■ > 4^3n — mult^ (7^) — a^{n — a) 

holds by Theorem 3.1 in j4|, where Li and L2 are general surfaces in C We have 

ma\tz{RrR^ ^ mult|(7^) +muhL (^Li-La) > mult|(7^)-t-4(|3n-multz(7^)-a) (n-a), 

where Ri = vr(Li) and R2 = vr(-^^2)- 

Let be a general hyperplane section of Y that contains Z. Then 

5n^ — 2na — = Ri\s ■ -R2I5 ^ mult^^i?! ■ 7^2^ > ^mult|(7?.) + a — +8(72 — 0;), 

which is a contradiction. □ 

Lemma 18. The suhvariety Z is not a singular point of the hypersurface X . 

Proof. Suppose that Z is a singular point of the quintic X. Let n : V ^ X he a blow up 
of the point Z, and E he the exceptional divisor of vr. Then £^ is a quadric in and 

Kv + -B ~Q 7r*(Kx + -M) + (2 - m)E, 

where ;B is a proper transform of Ai on the fourfold V, and m is a positive rational 
number. The inequality m > 1 holds by Theorem 3.10 in |4j and Theorem 7.5 in |2j. 

Let Ml and M2 be general divisors of the linear system A4, and Bi he a proper transform 
of the divisor Mj on the fourfold V. Then 

Bi ■ B2 ■ Hi ■ H2 ^ 5n^ - 2m^n^, 



where Hi and H2 are proper transforms on the fourfold V of hyperplane sections of the 
hypersurface X that pass through the point Z such that the equality 

dim(^Supp(^Si • n Supp(#i) n Supp(^2)) = 

holds. In particular, the inequality m ^ a/5/2 holds. 

It follows from Theorem that there is a line L G E cF^ such that 

Bi- B2-Y ■ H > Qv? - 2m^n^, 

where if is a proper transform on ^ of a general hyperplane sections of X that passes 
through the point Z, and F is a proper transform on of a hyperplane sections of the 
fourfold X passing through Z such that Z is an ordinary double point of vr(y), the equality 

dim(^Supp(^5i ■ fia) n Supp(F)) = 1 

holds and L C Supp(y). 

Let P be a linear subsystem in |Cp5(l)|x| spanned by the divisors whose proper trans- 
forms on V contain L. Then there is a two-dimensional linear subspace 11 C such that 
the base locus of T) consists of X fl 11. Therefore, we have 11 C Supp(Mi ■ M2). 

Let X be a general hyperplane section of X that contains 11. Then X is a quintic hyper- 
surface in P'* having isolated singularities, and Z is an isolated ordinary double point of 
the quintic X, which has at most canonical singularities (see Corollary 4.9 in [7 ). 

The plane 11 is a fixed component of the linear system A1|x. Moreover, we have 

M\x = 'R + aIi, 

where 7^ is a linear system on X that does not have fixed components, and a is a mul- 
tiplicity of a sufficiently general divisor of the linear system in a general point of the 
plane 11. The plane 11 and a general surface of TZ are not Q-Cartier divisors on X. 

Let vf : V — i> X be a composition of the blow up of Z with a subsequent Q-factoriali- 
zation, and E be the vf-exceptional divisor. Then £' is a smooth quadric surface and 

Ky + -C+-fi ~Q r(Kx + -n + -Il] + (l-m)E, 
n n V n n / 

where C and ft are proper transforms of TZ and 11 on the threefold V respectively. 

Let L = E Pill. Then the curve L is a line on the quadric E. Moreover, it follows from 
the proof of Theorem that the singularities of the log pair 

(v,-c + -n+im-i)E] 

\ n n / 
are not log canonical in a general point of L. We have mwXti^C) > 2n — a — mn, but 

mult^ (^Li ■ L2 j > 4(2n — mn) (n — a) 

by Theorem 3.1 in 0, where Li and L2 are general surfaces in C. The inequality 

3a; — mn + n > mult i(^C) ^ 

holds, because C ■ Li ^ multi{C) and C -Tl = —3, where C" is a proper transform on the 
threefold V of a sufficiently general line contained in 11. Thus, we have a > n/A. 

Let ip : X be a projection from the plane 11. Then ip is not defined in the points 

where the plane 11 is not a Cartier divisor on X. In particular, the rational map ip is not 
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defined in the point Z. However, we may assume that the birational morphism vr resolves 
the indeterminacy of the rational map ■?/'. Therefore, we have a commutative diagram 



V 



X 




where 77 is a morphism. Let S" be a sufficiently general fiber of r] and be a hyperplane 
section of X. Then vf (S") is a quartic surface in and S ~ t^*{H) — E — Tl, which implies 



(19) (^*{H) - E ~Y\^ ■ [Ti*{nH) -nniE - ali^ > A{2n - mn) [n - a) , 

because S ■ L = 1 and Li ~q Tf*{nH) — nmE — all. 

We have = 5, E^ = 2, 7r*{H) ■ 11^ = -3, E ■ 11^ = 0, II ■ E^ = -1, and 

= (n*{H) - E - syu^ = -3 - S ■ 

but vr(S') n n is a hyperplane section of the surface vr(S') C P^. Moreover, the generality 
in the choice of the threefold X implies that the threefold X has isolated ordinary double 
points, the quartic surface vf(S') is smooth, and the birational morphism 7t\s is a blow up 
of a point Z on the surface vr(S'). Therefore, we have 5* ■ = 3, which gives = —6. 
The inequality El implies that the inequality 

in^ — + Ana — 2mna — rn?n^ > 4(2n — mnj {n — a) 

holds. Therefore, we have 

> An^ + — 12na + 6mna — Amn^ + m^m? = {3a — 2n + mn 



which is a contradiction. □ 

Therefore, the subvariety Z is an irreducible curve. 
Lemma 20. The curve Z is a line. 

Proof. Suppose that Z is not a line. Let Pi and P2 be sufficiently general points of the 
curve Z, and L be a line in that passes through the points Pi and P2- Then L ^ Z. 

Let Hi and H2 be sufficiently general hyperplane section of the fourfold X that pass 
through Pi and P2. Put S = HiH H2. Then the singularities of the log pair {S, ^^A\s) 
are not log canonical in the points Pi and P2 by Theorem 7.5 in [7], but the singularities 
of the log pair {S, j^A4\s) are log canonical in punctured neighborhoods of these points, 
because the secant variety of the curve Z is at least two-dimensional. Put 

M\s = B + -fL, 

where S is a linear system on S that does not have fixed components, and 7 is the 
multiplicity of a general divisor of 7W in a general point of the line L. Then 

muhp, ^Pi • B2^ > 4(n^ - 772) 

by Theorem 3.1 in where Pi and P2 are general divisors in B. Thus, we have 
,2 



5n" 



27n - 37^ = Pi ■ P2 ^ multp, (^Pi • P2) + muhp^ (^Pi • P2) > 8{n'^ - 7^), 



which is a contradiction. □ 
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Let F be a sufficiently general liyperplane section of the fourfold X that passes through 
the line Z, and E = M\y- Then F is a quintic threefold in P^, the linear system B does not 
have fixed components, but the singularities of the log pair (Y, -E) are not log canonical 
in a general point of the curve Z by Theorem 7.5 in pi. 

The line Z contains a singular point of the threefold Y due to jTT], but Z contains at 
most 4 singular points of the threefold Y . Put 

ZnSing(F) = {Pi,...,Pfc}, 

where Pi is a singular point of the threefold Y and k ^ A. Then the point Pi is an isolated 
ordinary double point of the threefold F, and the group Cl(y) is generated by the class 
of a hyperplane section (see 15^). 

Let TT : ^ ^ y be a blow up of the points {Pi, . . . ,Pfc}, and Ei be an exceptional 
divisor of the morphism tt such that '^{Ei) = Pi. Then 



4 

1=1 



where D is a proper transform on of a general divisor in B, and is a natural number. 
Let Z be a proper transform of Z on the fourfold V. Then V is smooth and 

2mi ^ multQ^(P') ^ mult^(P') = mult^(-B) ^ n, 

where Qi = Z n Ei. Hence, we have ^ mu\tz{B)/2 ^ n/2. 

Let n be a general plane in that contains the line Z, and C be a quartic curve in 
the plane n such that U (1 Y = L U C . Then |C fl Z| =4 and the curve C contains all 
singular points of the threefold Y that is contained in Z. Let C" be a proper transform of 
the curve C on the threefold V. Then C ^ Supp(D) and 

k 

^ D ■ C = An - ^rui ^ An - 2A;multz [B) + (4 - A;)multz {B) , 

1=1 

which implies that mxi\tz{B) ^ 2n. 

Let u : W V he a blow up of Z, and G be the cu-exceptional divisor. Then 

Kw + -Vr^ (7rou;)*(^iry + -i3) )Pi+ (l-multz(S)/n)G', 

i=l 

where Ei and V are proper transforms of the divisor Ei and the linear system B on the 
threefold W respectively. Therefore, the inequality mnlt z{B) < 2n implies the existence 
of an irreducible curve L G G such that uj{L) = Z, but the singularities of the log pair 

1 mult^ (B) — n 
W, -V + G 

n n 

are not log canonical in a general point of L. Thus, we have mult 2, (I^) + mult^(i3) > 2n. 

The surface Ei is isomorphic to P^ x P^. Let Ai and Pj be the fibers of the projections of 
the surface Ei to P^ that pass through the point Qi, and Ai and Pj be proper transforms 
of the curves Ai and Pj on the threefold W respectively. Then 

A/w-M. = ^fw/B, = Cpi(-l) © 0pi(-l), 

which implies that we can flop the curves Ai and Pj. Namely, let C, '■ U ^ W he a 
blow up of the curves Ai, Pi, . . . , A^, P^, and Pj and Hi he the exceptional divisors of the 
morphism ^ such that ^(P^) = Ai and ^(P^) = P^. Then P^ ^ P^ ^ P^ x P^ and there is 
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a birational morphism ^' : U ^ W such that ^'{Fi) and ^'{Hi) are rational curves, but 
the map ^' o is not an isomorphism in the neighborhood of the curves Ai and Bi. 

Let be a proper transform of Ei on the threefold W. Then E'^ = and we can 
contract the surface E'^ to a singular point of type 1, 1), because 



J^W'/E[ — C>E'.(j^'i\E'^ — 0p2( — 2). 



Let cu' : W V he a contraction of E[, . . . , E'g^, and G' be a proper transform of the 
surface G on the threefold V. Then there is a birational morphism n' : V —>■ Y that 
contracts the divisor G' to the line Z. Hence, we constructed the commutative diagram 

U 





V w 



V 





such that V is projective and Q-factorial, and rkPic(V^') = 2. Therefore, the birational 
morphism ir' : V ^ Y is an exremal terminal divisorial contraction (see jl^)- We have 

1 



(^Ky + + (l - mult z{B)/n^G', 



n 

where 7^ is a proper transform of B on the threefold V. Let L' be a proper transform of 
the curve L on the threefold V. Then {V, \TZ + (mult^(;B)/r2— 1)G") is not log canonical 
in a general point of the curve L' . Hence, the inequality 



YwXtu {Ri ■ R2^ > 4:n(2n - multz(S)) 



holds by Theorem 3.1 in [4^, where Ri and R2 are general surfaces in TZ. 

Let if be a hyperplane section of the threefold Y, and P/ = 7t'{E^). Then the base locus 
of the linear system \7r'*{H) — G'\ consists of the points P[, . . . , P^. The construction of 
the morphism tt' implies that G' = 2 — k/2. We have {tc'*{H) — G') ■ L' = 0, because 

2(n'*{H)-G'yRi-R2 = 2 (n'* {H)-G'y (n'* (nH) -mult z{B)G'y < 4n(^2n-multz(i3)) 

and 2{tt'*{H) — G') is a Cartier divisor. In particular, we have L' fl {P{, . . . , P^} = 0. 

Corollary 21. The cone NE(V) is generated by the curves ^'(Pj) = C,'{Hi) and L' . 

Let H he a proper transform on the threefold V of a. sufficiently general hyperplane 
section of the threefold Y that contains the line Z. Then H is a smooth surface such that 
the equality Z"^ = —3 holds on the surface H. One the other hand, we have 



ci [K/z) =~2-KvZ = -2-k, 

which implies that Afy/z — C>pi{a) © 0^i{b), where a and b are integer numbers such that 
the inequality a ^ b ^ —3 holds and a + b = —2 — k. 

Let H be the proper transform of the divisor H on the threefold W. Then 

4 

#~ (7rocu)*((!:»p4(l)|y) -J^Ei-G 



i=l 
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and = 2 + k. Elementary calculations implies that H intersects the curve L in its 
general point in the case when L is not the exceptional section of the projection 

or b ^ —3. Thus, we have b = —3 and the curve L is the exceptional section of the ruled 
surface G = F4„fc. Moreover, the construction of the map tu' o ^' o implies that 

L n (a, u 5,) ^ 

for every i = 1, . . . , k, because otherwise P/ G L' and {7i'*{H) — G') ■ L' 7^ 0. 
Lemma 22. The inequality k ^ 3 holds. 

Proof. Suppose that k = A. Then \7i'*{H) — 2G'\ contains a divisor T such that vr'(T) is a 
hyperplane section of Y that tangents Y along Z. The cycle T ■ Ri must be effective, but 

T-Ri= (en- 6multz(i3))^'(F,) + (bn - 2multz(i3))L', 

which implies that mult^(;B) ^ n. Contradiction. □ 
Let H' be a proper transform on V of a general hyperplane section of Y. Then 

H' -H' = 10C{Fi)+5L', 
H'-G'^2e{F,)^e{F^)+C{H^), 
G'-G'= {k-6)^'{F,)-L', 
which implies that the equivalence 

Ri-R2= [lOn^ - 4nmultz(i3) + {k - 6)mult|(i3))^'(Fi) + (^ti^ - mult|(i3))L' 

holds. Thus, we have lOn — 4multz(i3) + {k — 6)mult|(i3) ^ 0, which imphes that 

^ V34- 2 32 4 

n < mult V £5 ^ n < — n < -n. 

^ ^ 3 25 3 

Let vr" : V" — > V^' be a blow up of L', and G" be the '7r"-exceptional divisor. Then 

n n n \ n . 

where C and G' are proper transforms of IZ and G' on the threefold V" respectively, which 
implies that either the inequality mult/,/ (7^) + mult^(i3) > 3n holds, or the log pair 

(23) {V'\ + (mult z{B)/n - l)G' + (^mult^. (7^) + mult z{B)/n - 2^G" 

are not log canonical in a general point of a curve dominating the curve L'. We have 

x/M — 2 4 
multL/(7^) ^ multz(-B) ^ n < -n, 

o o 

which implies the inequality mult^/(7?.)+mult^(i3) < 3n. Therefore, there is an irreducible 
curve L" C G" such that tt"{L") = L', but the singularities of the log pair 1221 are not log 
canonical in a general point of the curve L". In particular, the inequality 

multi// (£) > An- multi. (7^) - 2multz{B) 

holds, because the inequality mult L'ijt) > 2n — mult z{B) holds, but the singularities of 
the log pair EHl are not canonical in a general point of the curve L". 
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Lemma 24. The curve L" is not contained in the divisor G' . 

Proof. Suppose that L" = G" fl G' . Then taking the intersection of a general surface in 
the hnear system C and a general fiber of the morphism (tt' o 'k")\qi we see that 

multz(S) - muhL/(7^) > An - muhi/(7^) - 2multz(S), 

which implies that Tim\.tz{B) > 4n/3 > n^y/M — 2)/3. Contradiction. □ 

Let Li and L2 be general surfaces in the linear system C, and H" be a proper transform 
of a general hyperplane section of the threefold Y on the threefold V". Then 

5n^ - muh^, (7^) - mult|(S) = if" ■ Li ■ L2 > An(3n - mult^/ (7^) - muh^(i3)) 

by Theorem 3.1 in [4^. Therefore, we have 

. ,2 , ,2 2n^(VM-8Y 
n^ > [mn\tL'{n) - 2nJ + [mu\tz{B) - 2nj ^ ^— > 

which is a contradiction. The obtained contradiction concludes the proof of Theorem |3J 
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